Janus particles propel themselves by generating concentration gradients along their active surface. This generates a flow near the surface, known as the diffusio-osmotic slip, which propels the particle even in the absence of externally applied concentration gradients. In this work, we study the influence of viscoelasticity and shear-thinning/thickening (described by the second-order-fluid and Carreau model, respectively) on the slip of a Janus particle. Using matched asymptotic expansions, we provide an analytical expression for the modification of slip induced by the non-Newtonian behavior. Using the reciprocal theorem, we estimate the influence of this modification on the particle mobility. The current study also has implications on the understanding of the transport of complex fluids in diffusio-osmotic pumps. † Email address for correspondence: spush@iitm.ac.in arXiv:1909.11745v1 [physics.flu-dyn] 
Introduction
Synthetic active particles are micron and submicron sized colloidal particles which can propel themselves along predictable trajectories. The mechanism of self-propulsion occurs via generation of local concentration gradient at the surface, which arises due to variation in surface activity such as adsorption or reaction . These gradients create a tangential diffusio-osmotic flow in a region very near the surface, resulting in a force-free swimming motion ). These active particles play an important role in biomedical and industrial research. It offers potential applications in drug-delivery micromachines and controlled studies of microbial infections . Furthermore, a suspension of active particles represents a non-equilibrium system which exhibits characteristics such as enhanced fluid mixing in complex fluids ) and inertia-less turbulence, which are also observed in microbial suspensions and granular matter . Therefore, understanding such novel self-propelled systems provides insights which extend to a wide range of physical phenomena, making it intriguing from a scientific standpoint.
Several studies have focused on understanding and modeling the surface slip, swimming and self-assembly of active particles . However, most of these assume the surrounding medium to be a Newtonian fluid. Since a majority of potential applications of the synthesized active particles lie in drug-delivery and other areas of biological research , understanding the influence of rheology is essential. Recently, Datt et al. (2015 ; and have studied the swimming of an axisymmetric active particle suspended in a non-Newtonian medium through an asymptotic approach based on the reciprocal theorem. These studies used y'
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x' λ' I Neutral Active Figure 1 : Schematic of an axisymmetric Janus particle suspended in a non-Newtonian medium with a uniform external solute concentration. Zoomed-in view shows the solute in the thin interaction layer above a surface with varying activity. λ I is the interaction layer thickness.
a second-order fluid and Carreau model to capture the weak non-Newtonian effects. The analysis, however, was carried out by assuming the slip to be that in a Newtonian medium, which leaves the understanding of hydrodynamics of Janus particles incomplete.
In the context of electrophoresis, it has been shown that the modification in slip due to complex rheology can significantly alter the particle motion and flow field around it . Analogously, we ask: can fluid rheology significantly alter the diffusioosmotic slip over an active surface and affect the motion of a Janus particle? Furthermore, FEM based numerical simulations of demonstrated the presence of an extensional flow across the point of discontinuity in the surface activity, triggered due to large gradients in viscoelastic stresses. But it is currently unknown as to how is this is related to the external concentration field which drives the flow.
In this work, we study the influence of viscoelasticity (second-order-fluid model) and shear-thinning/thickening (Carreau-fluid model) on the slip and mobility of an axisymmetric Janus particle. Using matched asymptotic expansions, we provide an analytical expression for the modification of the diffusio-osmotic slip. Employing the reciprocal theorem, we evaluate the modification in the swimming velocity from that reported by Datt et al. (2015 . Since our results are applicable to a general diffusioosmotic flow of a complex fluid, they can be used to model transport of biological fluids through narrow channels and confinements, where applying pressure drop is undesirable Lisicki et al. 2016; ).
Active particle in a second-order-fluid
The non-Newtonian fluid surrounding the active particle consists of a solute of uniform concentration (C ∞ ). The solute, treated as a continuum, interacts with an active particle of radius a . The short-range interaction is governed by
which acts over the length scale λ I , where λ I a . Here denotes the dimensional variables. This interaction generates a pressure in the thin interaction layer (which induces a potential-force ∇ Φ ) and decays to zero far away from the surface. The particle surface is partially active; a fixed-flux adsorption (A ) varies in the tangential direction as a step function. Since the interaction layer (λ I ) is very thin compared to the particle radius (a ), we model the particle-layer system as a flat-plate system (see fig.1 ). This approximation introduces an error of O(λ I /a ) and has been employed earlier in studies involving particle electrophoresis . Following , we represent the system using the following non-dimensional equations
(2.2b)
The characteristic scales are
Here, D is the solute diffusion coefficient, c denotes the disturbance to the uniform concentration C ∞ (defined as: c = C − C ∞ ). In eq. (2.2a), the polymeric stress S = A · A + δB, where A is the rate of strain tensor (∇u + (∇u) T ) and B is the steady-state Rivlin-Ericksen tensor Ho & Leal 1976) . The dimensionless quantities are defined as
where P e (Peclet number) is the ratio of diffusive to advective time scales; De (Deborah number) defines the ratio of viscoelastic time scale to that based on shear arsing due to macro-scale particle movement; δ is a viscometric parameter which compares first and second normal stress coefficients; is the dimensionless thickness of the interaction layer. The boundary conditions are
In the next sections, we investigate the influence of non-Newtonian effects on the diffusioosmotic slip on a partially active surface using matched asymptotic expansions (MAE).
Matched asymptotic expansions
For an asymptotically thin interaction region ( 1), we expand the field variables (u, c, p, ψ) as
(2.6)
Following , we divide the domain into an 'inner' (0 y 1) and 'outer' region (y 1). We demonstrate that MAE can be used to replace the solution of the inner region with coarse-grained boundary conditions for the outer region.
Outer region
Neglecting the rapidly decaying interaction potential in the outer region i.e. ψ = 0 , the leading order equations read
7b)
subject to the following boundary conditions
(2.8)
Inner region
We first rescale the variables to derive the equations in the inner layer. The variables in the inner layer are defined asf . In the thin interaction layer limit, using boundary layer principles, we define the characteristic scales for y − direction, vertical velocity (v ) and pressure (p ) as λ I , U ch and p ch −2 , respectively. Using (2.6) and (2.2), we obtain the leading order equations in the inner region
subject to the following boundary conditions at the leading order
For low to moderate P e (i.e. P e −2 ), we can neglect the LHS of (2.9d). This decouples the solute concentration field from the hydrodynamics.
We now perform a perturbation expansion in Deborah number (De) i.e. accounting for weakly non-linear viscoelastic effects such that De 1. The field variables for each term in (2.6) can be further expanded as
(2.11)
Here f represents the velocity and pressure field. The concentration field is not expanded in De as, at moderate P e, it is decoupled from velocity field in the inner region. O(De 0 ) solution: Since our focus is to obtain leading order change in the diffusioosmotic slip, for convenience, we temporarily drop the superscript (0) from all the variables. The solution to leading order governing equations iŝ
Here I(x) and J 0 (x) are the integration constants, to be determined through matching. O(De 1 ) solution: To obtain the the leading order solution at O(De), for ease of calculation, we assume the interaction potential (ψ) to be independent of the tangential direction (x). Solving the equations governing the O(De) flow, we obtain Present work Figure 2 : (a) Velocity field of Newtonian fluid inside the interaction layer (for Φ0 = −1). (b) Normal stress-induced velocity field. The results are for an exponentially decaying solute-surface interaction (ψ(ξ) = Φ0e −ξ ), where a negative Φ0 represents an attractive interaction.
Here, F(ξ) = −1 + e −ψ(ξ) and J 0 , J 1 , I are the integration constants. The details of derivation can be found in the supplementary material 2.1.3. Matching
For any field variable f , the matching condition at
The matching condition on the concentration field (ĉ) yields the constant I(x) = lim y→0 c(x, y). We substitute (2.12b) and (2.13) in the above matching condition and find:
J 0 = J 1 = 0 at the leading order. The total slip velocity at the outer edge of the interaction layer is
Modification to the diffusio-osmotic slip velocity (arising from the non-Newtonian effects) is found to be proportional to the first and second derivative (in the tangential direction) of the bulk-scale concentration at the particle surface. The above result is also applicable to diffusio-osmotic flows in microchannels arising from externally imposed concentration gradients (Anderson et al. 1982) . The proportionality to De δ and the definitions described in (2.3) suggests that the effect of viscoelasticity is solely due to first normal stress difference. Furthermore, a dimensional form of the slip velocity reveals that the first order slip has a dependency on the characteristic length scale, whereas the Newtonian slip is independent of it. Fig. 2(a) shows the Newtonian component of the velocity field (û (0) 0 ) inside the thin interaction layer for an exponentially decaying solute-surface attraction . Our prediction matches exactly with that reported by . Fig. 2(b) shows the viscoelastic component of the velocity field (û (0) 1 ) inside the thin interaction layer. The curve undergoes a minimum before approaching an asymptotic value, which intensifies as the attraction between the solute and the surface increases.
Diffusio-osmotic slip on an active particle
We now apply the results of previous section to a spherical Janus particle i.e. the tangential direction is polar angle θ, varying from 0 to π. The surface activity K follows a step function
where θ c is the angle at which the activity undergoes a step change i.e. surface coverage of the activity. To evaluate the flow field inside the thin interaction layer, we require solution to the concentration field (c) in the outer region. In the absence of advection (P e = 0), the solution to (2.7b) is sought in terms of an expansion in Legendre polynomials. Following , we obtain the solution to bulk-scale concentration field as
where P n is the nth Legendre polynomial. K n are the spectral coefficients of the activity distribution (K(θ) = ∞ n=0 K n P n (cosθ)), which can be found by taking an inner product with Legendre polynomials. Simplifying, we get
(1 − cos θ c ) 2 and K n = −1 2 (P n+1 (cos θ c ) − P n−1 (cos θ c )) for n 1.
(2.18)
Using the solution to the disturbance concentration (2.17), we obtain the total slip velocity for any surface coverage (θ c ). Fig. 3(a) shows the total bulk-scale slip velocity (solid line) varying across the polar angle for three different surface coverage (θ c = π/4, π/2, 3π/4). The dashed line shows the slip velocity for a Newtonian fluid. The negative sign depicts that the diffusio-osmotic flow is towards the active region. To analyze this slip reversal, we study the behavior of concentration field around the particle as the slip (2.15) depends on the first and second polar gradient of the concentration field. In fig. 3(b,c) , c, c θ and c θ θ profiles are shown for θ c = π/2. A step change in surface activity causes the second gradient to undergo a sharp change at θ = θ c , which is also reflected in the slip velocity. The evaluation of c θθ , accounting for first 700 modes, exhibits oscillations near the point of discontinuity of surface activity. This can be averted by approximating (2.16) as a sigmoidal function. Refer to the supplementary material for additional details. Figure 3 : (a) The solid red line represents the total slip velocity (for three different surface coverage) along the polar angle forψ(ξ) = −e −ξ , De = 0.05, and δ = −0.5. The dashed line represents the Newtonian slip velocity. The markers represent the maximum magnitude of the slip velocity for a range of surface coverage: θc ∈ (0, π): empty circles represent the Newtonian case; solid squares represent the second-order fluid. (b) Concentration profile and its gradient along the polar angle on particle surface for θc = π/2. (c) shows the profile for c θθ . Note that due to computational cost, first 700 modes were used to describe the concentration field and its gradients. 
Swimming velocity
The motion of the active sphere is found by using reciprocal theorem. Following Stone & Samuel (1996) and Ho & Leal (1976) , we obtain
Here, u t is the test flow field which governs the motion of a rigid sphere in x-direction with unit velocity Datt et al. 2015) , and S 0 is the polymeric stress. The first integral (U λ ) denotes the contribution to swimming velocity arising from the slip, which contains a Newtonian (U λ0 ) and non-Newtonian (U λ1 ) component. The second integral (U B ) accounts for the contribution from polymeric stresses in the bulk.
In their evaluation of swimming velocity, accounted for the bulk viscoelastic effects, assuming the surface slip to be that of Newtonian fluid i.e. neglecting U λ1 . Upon substituting the slip velocity into (2.19), we find U λ0 and U λ1 and compare them in fig. 4 for different surface coverage. The correction to the swimming velocity is minor and changes sign with the surface coverage; swimming velocity increases for θ c < π/2 and reduces for θ c > π/2 as compared to that in a Newtonian fluid. The magnitude of correction to swimming velocity suggests that the results obtained by are reasonably accurate. Although the modification in the slip velocity (2.15) does not significantly affect the bulk-scale motion, it provides an estimate of the hydrodynamic disturbance, which can be used to accurately model the interaction active particles in viscoelastic fluids ).
Active particle in a shear-thinning fluid
The equation governing a weak shear-thinning flow is described by
(3.1)
The viscosity follows a general non-linear relation with respect to Newtonian shear-rate (γ 0 ) : µ = µ 0 (1 + χµ 1 (γ 0 )). Here, χ is a small parameter which determines the viscosity ratio (Datt et al. 2015) . The variables are non-dimensionalized as in §2. We use matched asymptotic expansion (assuming P e −2 and 1) and perturbation expansion (in χ) to obtain the leading order slip for a generalized weakly shear-thinning fluid:
Since the power-law model diverges for asymptotically small shear-rates ,
we choose the Carreau model to capture viscosity variation: µ 1 (γ 0 ) = 1 + τ 2 γ 2 0 n−1 2 − 1. Here τ is the fluid relaxation time scale and n characterizes the degree of shear-thinning (n < 1) or thickening (n > 1). The correction to Newtonian slip is ψ(ξ) and Cu λ (Carreau number based on shear in the interaction layer) is the ratio of timescales associated with relaxation (τ ) and shear in the flow (λ I /U ch ). This is different than the Carreau number in the bulk of the fluid, as defined by . Using (3.2) and (3.3), we numerically evaluate the slip for n = 0.25 and depict its variation along the particle surface in fig. 5 (a) . For high Carreau numbers (Cu λ ∼ 10 2 ), we find a modest increase in the total slip velocity. Since the shear in the thin interaction layer is generally high (i.e. U ch /λ I O(1)) and relaxation time scales of biological fluids are O(1) , such large Carreau number is possible.
We further evaluate the swimming velocity using the reciprocal theorem as:
(3.4) Similar to §2.2.1, the first integral contains the Newtonian (U λ0 ) and non-Newtonian (U λ1 ) components. The second integral (U B ) accounts for the bulk stresses arising from viscosity variations. Neglecting U λ 1 , reported that a self-propelling Janus particle always swims slower in a Carreau-fluid (i.e. U B opposes U λ 0 ). Substituting (3.3) in (3.4) and integrating numerically, we find that the contribution from U λ1 modestly affects the swimming of a Janus particle. This is shown in figure 5(b) for three different surface coverages. The positive sign shows that U λ1 adds to the contribution arising from the Newtonian slip (contrary to U B as reported by ).
Conclusion
The results of the current study reveal the effects of fluid rheology on the diffusioosmotic slip over an active surface and its consequence on the mobility of a Janus particle. Using matched asymptotic expansions in conjunction with perturbation theory, we derived the modification to slip velocity for a second-order fluid. Our result (eq.2.15), for an axisymmetrically active Janus particle, show that the normal stresses significantly alter the slip velocity. The proportionality to second tangential gradient results in a sharp reversal of the surface slip, triggered by large polymeric stresses across the discontinuity of surface activity. This explains the generation of extensional flows across a step change in activity observed by . Using the reciprocal theorem, we found that the modification in the slip does not have a pronounced effect on the swimming velocity and is therefore determined primarily by the Newtonian slip and bulk polymeric stresses.
We further applied our framework to a generalized weakly shear-thinning fluid and obtained the modification to slip velocity (see eq.3.2). Employing a Carreau-fluid model, we showed that shear-thinning effects marginally increase the slip velocity, provided the time scale associated with the shear in the interaction layer is asymptotically smaller than the fluid relaxation time. Using the reciprocal theorem, we showed a modest enhancement in the swimming velocity for all surface coverages.
Another key implication of our results is that it provides a precise estimate of the hydrodynamic disturbance around an active particle. This hence can be of great significance towards accurate modeling of the interaction of two or more active particles in viscoelastic fluids . Recently, ; have designed 'phoretic pumps' which can transport the fluid without the need of applying pressure difference across the channel. This can be helpful in transportation of biological fluids through narrow channels. The flow in such systems occurs due to local concentration gradients, arising either from geometric variation (Lisicki et al. 2016; or variation in surface activity . Since our results are applicable to a general diffusio-osmotic slip, they should be useful to model flow of complex fluids through such pumps.
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In this Supplementary Material we provide details of the derivation of slip velocity and its validation with literature. In section A, we detail the treatment of the equations in the inner region. Later we describe the matching of solutions. In section B, we validate our results with those reported by for Newtonian fluid. In section C, we show the effect of approximating the step change in the surface activity, as a smooth sigmoidal function, on the surface slip.
S.1 Derivation of slip velocity

S.1.1 Equations in the inner region
The components of the polymeric stress tensor (S) are rescaled as:
O(De 0 ) solution: Since our focus is to obtain leading order change in the diffusioosmotic slip, for convenience, we temporarily drop the superscript (0) from all the variables. The solution to leading order governing equations (ĝ 
Here I(x) and J 0 (x) are the integration constants, which are determined using the matching conditions. The leading order velocity field is represented in a different form than that reported by , to help us later in the calculations.
O(De 1 ) solution: To obtain the the leading order solution at O(De), for ease of calculation/simplicity, we assume the interaction potential to be independent of tangential direction (i.e.ψ(ŷ)). The flow field at O(De) is governed by
Using the pressure decay condition (p → 0), the solution to (S3c) yieldsp 1 =Ŝ (0) yy .
Substitutingp 1 in (S3b) and simplifying, we obtain
Here,v 0 is found by substituting (S2b) in the continuity equation and integrating it over y direction. Substituting (S2) andv 0 into the above equation, and integrating twice overŷ direction and using the boundary conditions, we obtain
The evaluation of the above solution is simplified by changing the order of integration. We use of the following simplifications: Here, F(ξ) = −1 + eψ (ξ) , J 0 , J 1 , and I are the integration coefficients, to be determined through matching.
S.1.2 Matching
For any field variable f , the matching condition at O( 0 ) is
Since y → 0 in LHS, we use Taylor series and obtain
The matching condition on the concentration field (ĉ) yields the constant I(x) = lim y→0 c(x, y). To obtain J 0 and J 1 , we substitute (S2b) and (S5) in the matching condition (S7). At the leading order, we find: J 0 = J 1 = 0. We obtain the total slip velocity at the outer edge of the interaction layer as and the mobility coefficient (as defined by ) is fixed to be -1. It should be noted that the mobility coefficient (M ) in the main text is −1.1465 (corresponding to φ0 = −1).
Here, G(r) = For the results presented in the main text, we chose first 700 modes to represent the concentration and its gradients. For ease of computation of c θ and c θθ , we used the following recurrence relation Weisstein (2002):
∂P n ∂θ = (P n+1 − cos θ P n ) n + 1 sin θ ,
where P n represents the Legendre polynomial of n th mode.
S.3 Sigmoidal function approximation
The step change in surface activity is approximated as a logistic function:
Here ζ determines the sharpness of the transition of activity from 1 to 0. The concentration field and its tangential gradients (at the surface) are depicted in fig.S2(a) . The behavior of gradients of the concentration field is qualitatively similar to that reported in main text for a step change. Fig.S2(b) compares the slip velocity for a second-order fluid with that of a Newtonain fluid. Similar to main text, we observe that the polymeric stresses undergo sharp gradients across the transition of activity. The magnitude of the slip is significantly reduced (as compared to that of step change in surface activity) which is a consequence of smooth transition of surface activity.
